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ANTI-INVARIANT RIEMANNIAN SUBMERSIONS FROM SASAKIAN
MANIFOLDS
I. KU¨PELI ERKEN AND C. MURATHAN
Abstract. We introduce anti-invariant Riemannian submersions from Sasakian man-
ifolds onto Riemannian manifolds. We survey main results of anti-invariant Riemann-
ian submersions defined on Sasakian manifolds. We investigate necessary and suffi-
cient condition for an anti-invariant Riemannian submersion to be totally geodesic
and harmonic. We give examples of anti-invariant submersions such that character-
istic vector field ξ is vertical or horizontal.
1. Introduction
Let F be a C∞-submersion from a Riemannian manifold (M, gM ) onto a Riemannian
manifold (N, gN). Then according to the conditions on the map F : (M, gM )→ (N, gN ),
we have the following submersions:
semi-Riemannian submersion and Lorentzian submersion [9], Riemannian submersion
([16], [10]), slant submersion ([7], [21]), almost Hermitian submersion [23], contact-
complex submersion [14], quaternionic submersion [13], almost h-slant submersion and
h-slant submersion [18], semi-invariant submersion [22], h-semi-invariant submersion [19],
etc. As we know, Riemannian submersions are related with physics and have their appli-
cations in the Yang-Mills theory ([5], [24]), Kaluza-Klein theory ([6], [11]), Supergravity
and superstring theories ([12], [25]). In [20], Sahin introduced anti-invariant Riemannian
submersions from almost Hermitian manifolds onto Riemannian manifolds. In this paper
we consider anti-invariant Riemannian submersions from Sasakian manifolds. The paper
is organized as follows: In section 2, we present the basic information about Riemannian
submersions needed for this paper. In section 3, we mention about Sasakian manifolds.
In section 4, we give definition of anti-invariant Riemannian submersions and introduce
anti-invariant Riemannian submersions from Sasakian manifolds onto Riemannian man-
ifolds. We survey main results of anti-invariant submersions defined on Sasakian man-
ifolds. We give examples of anti-invariant submersions such that characteristic vector
field ξ is vertical or horizontal.
2. Riemannian Submersions
In this section we recall several notions and results which will be needed throughout
the paper.
Let (M, gM ) be anm-dimensional Riemannian manifold , let (N, gN ) be an n-dimensional
Riemannian manifold. A Riemannian submersion is a smooth map F :M → N which is
onto and satisfies the following three axioms:
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S1. F has maximal rank.
S2. The differential F∗ preserves the lenghts of horizontal vectors.
The fundamental tensors of a submersion were defined by O’Neill ([16],[17]). They are
(1, 2)-tensors on M , given by the formula:
T (E,F ) = TEF = H∇VEVF + V∇VEHF,(2.1)
A(E,F ) = AEF = V∇HEHF +H∇HEVF,(2.2)
for any vector field E and F onM. Here∇ denotes the Levi-Civita connection of (M, gM ).
These tensors are called integrability tensors for the Riemannian submersions. Note that
we denote the projection morphism on the distributions kerF∗ and (kerF∗)
⊥ by V and
H, respectively. The following Lemmas are well known ([16],[17]).
Lemma 1. For any U,W vertical and X,Y horizontal vector fields, the tensor fields T ,
A satisfy:
i)TUW = TWU,(2.3)
ii)AXY = −AYX =
1
2
V [X,Y ] .(2.4)
It is easy to see that T is vertical, TE = TVE and A is horizontal, A = AHE .
For each q ∈ N, F−1(q) is an (m−n) dimensional submanifold ofM . The submanifolds
F−1(q), q ∈ N, are called fibers. A vector field on M is called vertical if it is always
tangent to fibers. A vector field on M is called horizontal if it is always orthogonal to
fibers. A vector field X on M is called basic if X is horizontal and F -related to a vector
field X on N, i. e., F∗Xp = X∗F (p) for all p ∈M.
Lemma 2. Let F : (M, gM )→ (N, gN ) be a Riemannian submersion. If X, Y are basic
vector fields on M , then:
i) gM (X,Y ) = gN(X∗, Y∗) ◦ F,
ii) H[X,Y ] is basic, F -related to [X∗, Y∗],
iii) H(∇XY ) is basic vector field corresponding to ∇
∗
X∗
Y∗ where ∇
∗ is the connection
on N.
iv) for any vertical vector field V , [X,V ] is vertical.
Moreover, if X is basic and U is vertical then H(∇UX) = H(∇XU) = AXU. On the
other hand, from (2.1) and (2.2) we have
∇VW = TVW + ∇ˆVW(2.5)
∇VX = H∇VX + TVX(2.6)
∇XV = AXV + V∇XV(2.7)
∇XY = H∇XY +AXY(2.8)
for X,Y ∈ Γ((kerF∗)
⊥) and V,W ∈ Γ(kerF∗), where ∇ˆVW = V∇VW.
Notice that T acts on the fibres as the second fundamental form of the submersion
and restricted to vertical vector fields and it can be easily seen that T = 0 is equivalent
to the condition that the fibres are totally geodesic. A Riemannian submersion is called
a Riemannian submersion with totally geodesic fiber if T vanishes identically. Let
U1, ..., Um−n be an orthonormal frame of Γ(kerF∗). Then the horizontal vector field H
= 1
m−n
m−n∑
j=1
TUjUj is called the mean curvature vector field of the fiber. If H = 0 the
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Riemannian submersion is said to be minimal. A Riemannian submersion is called a
Riemannian submersion with totally umbilical fibers if
(2.9) TUW = gM (U,W )H
for U,W ∈ Γ(kerF∗). For any E ∈ Γ(TM), TE and AE are skew-symmetric operators
on (Γ(TM), gM ) reversing the horizontal and the vertical distributions. By Lemma 1
horizontally distribution H is integrable if and only if A =0. For any D,E,G ∈ Γ(TM)
one has
(2.10) g(TDE,G) + g(TDG,E) = 0,
(2.11) g(ADE,G) + g(ADG,E) = 0.
We recall the notion of harmonic maps between Riemannian manifolds. Let (M, gM )
and (N, gN ) be Riemannian manifolds and suppose that ϕ : M → N is a smooth
map between them. Then the differential ϕ∗ of ϕ can be viewed a section of the bun-
dle Hom(TM,ϕ−1TN) → M, where ϕ−1TN is the pullback bundle which has fibres
(ϕ−1TN)p = Tϕ(p)N, p ∈ M. Hom(TM,ϕ
−1TN) has a connection ∇ induced from the
Levi-Civita connection ∇M and the pullback connection. Then the second fundamental
form of ϕ is given by
(2.12) (∇ϕ∗)(X,Y ) = ∇
ϕ
Xϕ∗(Y )− ϕ∗(∇
M
X Y )
for X,Y ∈ Γ(TM), where ∇ϕ is the pullback connection. It is known that the second
fundamental form is symmetric. If ϕ is a Riemannian submersion it can be easily prove
that
(2.13) (∇ϕ∗)(X,Y ) = 0
for X,Y ∈ Γ((kerF∗)
⊥).A smooth map ϕ : (M, gM ) → (N, gN ) is said to be harmonic
if trace(∇ϕ∗) = 0. On the other hand, the tension field of ϕ is the section τ(ϕ) of
Γ(ϕ−1TN) defined by
(2.14) τ(ϕ) = divϕ∗ =
m∑
i=1
(∇ϕ∗)(ei, ei),
where {e1, ..., em} is the orthonormal frame on M . Then it follows that ϕ is harmonic if
and only if τ (ϕ) = 0, for details, [1].
3. Sasakian Manifolds
An n-dimensional differentiable manifoldM is said to have an almost contact structure
(φ, ξ, η) if it carries a tensor field φ of type (1, 1), a vector field ξ and 1-form η on M
respectively such that
(3.1) φ2 = −I + η ⊗ ξ, φξ = 0, η ◦ φ = 0, η(ξ) = 1,
where I denotes the identity tensor.
The almost contact structure is said to be normal if N + dη ⊗ ξ = 0, where N is the
Nijenhuis tensor of φ. Suppose that a Riemannian metric tensor g is given in M and
satisfies the condition
(3.2) g(φX, φY ) = g(X,Y )− η(X)η(Y ), η(X) = g(X, ξ).
Then (φ, ξ, η, g)-structure is called an almost contact metric structure. Define a tensor
field Φ of type (0, 2) by Φ(X,Y ) = g(φX, Y ). If dη = Φ then an almost contact metric
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structure is said to be normal contact metric structure. A normal contact metric structure
is called a Sasakian structure, which satisfies
(3.3) (∇Xφ)Y = g(X,Y )ξ − η(Y )X,
where ∇ denotes the Levi-Civita connection of g. For a Sasakian manifold M = M2n+1,
it is known that
(3.4) R(ξ,X)Y = g(X,Y )ξ − η(Y )X,
(3.5) S(X, ξ) = 2nη(X)
and
(3.6) ∇Xξ = −φX.
[4].
Now we will introduce a well known Sasakian manifold example on R2n+1.
Example 1 ([2]). We consider R2n+1 with Cartesian coordinates (xi, yi, z) (i = 1, ..., n)
and its usual contact form
η =
1
2
(dz −
n∑
i=1
yidxi).
The characteristic vector field ξ is given by 2 ∂
∂z
and its Riemannian metric g and tensor
field φ are given by
g =
1
4
(η ⊗ η +
n∑
i=1
((dxi)
2 + (dyi)
2), φ =

 0 δij 0−δij 0 0
0 yj 0

 , i = 1, ..., n
This gives a contact metric structure on R2n+1. The vector fields Ei = 2
∂
∂yi
, En+i =
2
(
∂
∂xi
+ yi
∂
∂z
)
, ξ form a φ-basis for the contact metric structure. On the other hand, it
can be shown that R2n+1(φ, ξ, η, g) is a Sasakian manifold.
4. Anti-invariant Riemannian submersions
Definition 1. Let M(φ, ξ, η, gM ) be a Sasakian manifold and (N, gN ) be a Riemann-
ian manifold. A Riemannian submersion F : M(φ, ξ, η, gM ) → (N, gN ) is called an
anti-invariant Riemannian submersion if kerF∗ is anti-invariant with respect to φ, i.e.
φ(kerF∗) ⊆ (kerF∗)
⊥.
Let F : M(φ, ξ, η, gM ) → (N, gN ) be an anti-invariant Riemannian submersion from
a Sasakian manifold M(φ, ξ, η, gM ) to a Riemannian manifold (N, gN ). First of all, from
Definition 1, we have φ(kerF∗)∩(kerF∗)
⊥ 6= {0} .We denote the complementary orthog-
onal distribution to φ(kerF∗) in (kerF∗)
⊥ by µ. Then we have
(4.1) (kerF∗)
⊥ = φ kerF∗ ⊕ µ.
Now we will introduce some examples.
Example 2. R5 has got a Sasakian structure as in Example 1. The Riemannian metric
tensor field gR2 is defined
gR2 =
1
8
[
1 0
0 1
]
on R2.
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Let F : R5 → R2 be a map defined by F (x1, x2, y1, y2, z) = (x1 + y1, x2 + y2). Then,
by direct calculations
kerF∗ = span{V1 = E1 − E3, V2 = E2 − E4, V3 = E5 = ξ}
and
(kerF∗)
⊥ = span{H1 = E1 + E3, H2 = E2 + E4}.
Then it is easy to see that F is a Riemannian submersion. Moreover, φV1 = H1, φV2 =
H2, φV3 = 0 imply that φ(kerF∗) = (kerF∗)
⊥. As a result, F is an anti-invariant
Riemannian submersion such that ξ is vertical.
Example 3. Let N be R3 − {(y1, y2, z) ∈ R
3 | y21 + y
2
2 ≤ 2} and R
5 be a Sasakian
manifold as in Example 1. The Riemannian metric tensor field gN is given by
gN =
1
4


1
2
y1y2
2 −
y1
2
y1y2
2
1
2 −
y2
2
− y12 −
y2
2 1


on N .
Let F : R5 → N be a map defined by F (x1, x2, y1, y2, z) = (x1+y1, x2+y2,
y2
1
2 +
y2
2
2 +z).
After some calculations we have
kerF∗ = span{V1 = E1 − E3, V2 = E2 − E4}
and
(kerF∗)
⊥ = span{H1 = E1 + E3, H2 = E2 + E4, H3 = E5 = ξ}
Then it is easy to see that F is a Riemannian submersion. Moreover, φV1 = H1, φV2 =
H2 imply that φ(kerF∗) ⊂ (kerF∗)
⊥ = φ(kerF∗) ⊕ {ξ}. Thus F is an anti-invariant
Riemannian submersion such that ξ is horizontal.
Example 4. Let N be R4− {(y1, y2, y3, z) ∈ R
4 | y21 + y
2
2 + y
2
3 − y
2
1y
2
2y
2
3 ≤ 2}and R
7 be a
Sasakian manifold as in Example 1. The Riemannian metric tensor field gN is given by
gN =
1
4


1
2
y1y2
2 −
y1
2
y1y3
2 0
y1y2
2
1
2 −
y2
2
y2y3
2 0
− y12 −
y2
2 1 −
y3
2 0
y1y3
2
y2y3
2 −
y3
2
1
2 0
0 0 0 0 12


on N .
Let F : R7 → N be a map defined by F (x1, x2, x3, y1, y2, y3, z) = (x1+y1, x2+y2,
y2
1
2 +
y2
2
2 +
y2
3
2 + z, x3 + y3, x3 − y3). After some calculations we have
kerF∗ = span{V1 = E1 − E4, V2 = E2 − E5}
and
(kerF∗)
⊥ = span{H1 = E1+E4, H2 = E2+E5, H3 = E3−E6, H4 = E3+E6, H5 = ξ = E7}
Then it is easy to see that F is a Riemannian submersion. φV1 = H1, φV2 = H2 imply
that φ(kerF∗) ⊂ (kerF∗)
⊥ = φ(kerF∗) ⊕ span{H3, H4, H5}. So F is an anti-invariant
Riemannian submersion such that ξ is horizontal.
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4.1. Anti-invariant submersions admitting vertical structure vector field. In
this section, we will study anti-invariant submersions from a Sasakian manifold onto a
Riemannian manifold such that the characteristic vector field ξ is vertical.
It is easy to see that µ is an invariant distribution of (kerF∗)
⊥, under the endomor-
phism φ. Thus, for X ∈ Γ((kerF∗)
⊥), we write
(4.2) φX = BX + CX,
where BX ∈ Γ(kerF∗) and CX ∈ Γ(µ). On the other hand, since F∗((kerF∗)
⊥) = TN
and F is a Riemannian submersion, using (4.2) we derive gN (F∗φV, F∗CX) = 0, for every
X ∈ Γ((kerF∗))
⊥ and V ∈ Γ(kerF∗), which implies that
(4.3) TN = F∗(φ(kerF∗))⊕ F∗(µ).
Theorem 1. LetM(φ, ξ, η, gM ) be a Sasakian manifold of dimension 2m+1 and (N, gN )
is a Riemannian manifold of dimension n. Let F :M(φ, ξ, η, gM )→ (N, gN ) be an anti-
invariant Riemannian submersion such that φ(kerF∗) = (kerF∗)
⊥. Then the character-
istic vector field ξ is vertical and m = n.
Proof. By the assumption φ(kerF∗) = (kerF∗)
⊥, for any U ∈ Γ(kerF∗) we have gM (ξ, φU) =
−gM(φξ, U) = 0, which shows that the structure vector field is vertical. Now we suppose
that U1, ..., Uk−1, ξ = Uk be an orthonormal frame of Γ(kerF∗), where k = 2m− n + 1.
Since φ(kerF∗) = (kerF∗)
⊥, φU1, ..., φUk−1 form an orthonormal frame of Γ((kerF∗)
⊥).
So, by help of (4.3) we obtain k = n+ 1 which implies that m = n. 
Remark 1. We note that Example 2 satisfies Theorem 1.
Theorem 2. LetM(φ, ξ, η, gM ) be a Sasakian manifold of dimension 2m+1 and (N, gN )
is a Riemannian manifold of dimension n. Let F :M(φ, ξ, η, gM )→ (N, gN ) be an anti-
invariant Riemannian submersion. Then the fibers are not totally umbilical.
Proof. Using (2.5) and (3.6) we obtain
(4.4) TUξ = −φU
for any U ∈ Γ(kerF∗). If the fibers are totally umbilical, then we have TUV = gM (U, V )H
for any vertical vector fields U, V where H is the mean curvature vector field of any fibre.
Since Tξξ = 0, we have H = 0, which shows that fibres are minimal. Hence the fibers
are totally geodesic, which is a contradiction to the fact that TUξ = −φU 6= 0. 
From (3.1) and (4.2) we have following Lemma.
Lemma 3. Let F be an anti-invariant Riemannian submersion from a Sasakian manifold
M(φ, ξ, η, gM ) to a Riemannian manifold (N, gN ). Then we have
BCX = 0,
C2X + φBX = −X,
for any X ∈ Γ((kerF∗)
⊥).
Using (3.3) one can easily obtain
(4.5) ∇XY = −φ∇XφY + g(Y, φX)ξ
for X,Y ∈ Γ((kerF∗)
⊥).
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Lemma 4. Let F be an anti-invariant Riemannian submersion from a Sasakian manifold
M(φ, ξ, η, gM ) to a Riemannian manifold (N, gN ). Then we have
(4.6) CX = −AXξ,
(4.7) gM (AXξ, φU) = 0,
(4.8) gM (∇YAXξ, φU) = −gM (AXξ, φAY U) + η(U)gM (AXξ, Y )
and
(4.9) gM (X,AY ξ) = −gM (Y,AXξ)
for X,Y ∈ Γ((kerF∗)
⊥) and U ∈ Γ(kerF∗).
Proof. By virtue of (2.7) and (3.6) we have (4.6).
For X ∈ Γ((kerF∗)
⊥) and U ∈ Γ(kerF∗), by virtue of (3.2), (4.2) and (4.6) we get
gM (AXξ, φU) = −gM (φX −BX,φU)(4.10)
= −gM (X,U) + η(X)η(U)− gM (φBX,U).
Since φBX ∈ Γ((kerF∗)
⊥) and ξ ∈ Γ(kerF∗), (4.10) implies (4.7).
Now from (4.7) we get
gM (∇YAXξ, φU) = −gM (AXξ,∇Y φU)
for X,Y ∈ Γ((kerF∗)
⊥) and U ∈ Γ(kerF∗). Then using (2.7) and (3.3) we have
gM (∇YAXξ, φU) = −gM (AXξ, φAY U)− gM (AXξ, φ(V∇Y U)) + η(U)gM (AXξ, Y ).
Since φ(V∇Y U) ∈ Γ(φ kerF∗) = Γ((kerF∗)
⊥), we obtain (4.8).
Using (2.11), we obtain directly (4.9). 
We now study the integrability of the distribution (kerF∗)
⊥ and then we investigate
the geometry of leaves of kerF∗ and (kerF∗)
⊥. We note that it is known that the distri-
bution kerF∗ is integrable.
Theorem 3. Let F be an anti-invariant Riemannian submersion from a Sasakian man-
ifold M(φ, ξ, η, gM ) to a Riemannian manifold (N, gN). Then the following assertions
are equivalent to each other;
i) (kerF∗)
⊥ is integrable.
ii)
gN((∇F∗)(Y,BX), F∗φV ) = gN ((∇F∗)(X,BY ), F∗φV )
+gM (AXξ, φAY V )− gM (AY ξ, φAXV ).
iii)
gM (AXBY −AY BX,φV ) = gM (AXξ, φAY V )− gM (AY ξ, φAXV )
for X,Y ∈ Γ((kerF∗)
⊥) and V ∈ Γ(kerF∗).
Proof. Using (4.5), for X,Y ∈ Γ((kerF∗)
⊥) and V ∈ Γ(kerF∗) we get
gM ([X,Y ] , V ) = gM (∇XY, V )− gM (∇YX,V )
= gM (∇XφY, φV )− gM (∇Y φX, φV ) + 2gM(φX, Y )gM (V, ξ).
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Then from (4.2) we have
gM ([X,Y ] , V ) = gM (∇XBY, φV )− gM (∇XAY ξ, φV )− gM (∇Y BX,φV )
+gM (∇YAXξ, φV ) + 2gM (φX, Y )gM (V, ξ).
Using (2.2), (2.7) and if we take into account that F is a Riemannian submersion, we
obtain
gM ([X,Y ] , V ) = gN(F∗∇XBY, F∗φV )− gM (∇XAY ξ, φV )
−gN(F∗∇YBX,F∗φV ) + gM (∇YAXξ, φV )
−2gM(AXξ, Y )gM (V, ξ).
Thus, from (2.12) and (4.8) we have
gM ([X,Y ] , V ) = gN(−(∇F∗)(X,BY ) + (∇F∗)(Y,BX), F∗φV )
+gM (AY ξ, φAXV )− gM (AXξ, φAY V )
which proves (i)⇔ (ii). On the other hand using (2.12) we get
(∇F∗)(Y,BX)− (∇F∗)(X,BY ) = −F∗(∇Y BX −∇XBY ).
Then (2.7) implies that
(∇F∗)(Y,BX)− (∇F∗)(X,BY ) = −F∗(AY BX −AXBY ).
From (2.2) AY BX −AXBY ∈ Γ((kerF∗)
⊥), this shows that (ii)⇔ (iii). 
Remark 2. If φ(kerF∗) = (kerF∗)
⊥ then we get C = 0 and morever (4.3) implies that
TN = F∗(φ(kerF∗)).
Hence we have the following Corollary.
Corollary 1. Let F : M(φ, ξ, η, gM ) → (N, gN ) be an anti-invariant Riemannian sub-
mersion such that φ(kerF∗) = (kerF∗)
⊥, where M(φ, ξ, η, gM ) is a Sasakian manifold
and (N, gN ) is a Riemannian manifold. Then following assertions are equivalent to each
other;
i)(kerF∗)
⊥ is integrable.
ii)(∇F∗)(Y, φX) = (∇F∗)(X,φY ) for X,Y ∈ Γ((kerF∗)
⊥).
iii)AXφY = AY φX.
Theorem 4. Let F be an anti-invariant Riemannian submersion from a Sasakian mani-
fold M(φ, ξ, η, gM ) to a Riemannian manifold (N, gN ). Then the following assertions are
equivalent to each other;
i) (kerF∗)
⊥ defines a totally geodesic foliation on M.
ii)
gM (AXBY, φV ) = −gM (AY ξ, φAXV ).
iii)
gN ((∇F∗)(X,φY ), F∗φV ) = gM (AY ξ, φAXV )− gM (AY ξ,X)η(V )
for X,Y ∈ Γ((kerF∗)
⊥) and V ∈ Γ(kerF∗).
Proof. From (2.7), (4.2), (4.5) and (4.8) we obtain
(4.11)
gM (∇XY, V ) = gM (AXBY, φV )+gM (AY ξ, φAXV )− (gM (AY ξ,X)+gM (AXξ, Y ))η(V )
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for X,Y ∈ Γ((kerF∗)
⊥) and V ∈ Γ(kerF∗). Using (4.9) in (4.11) we get
gM (∇XY, V ) = gM (AXBY, φV ) + gM (AY ξ, φAXV )
The last equation shows (i)⇔ (ii).
For X,Y ∈ Γ((kerF∗)
⊥) and V ∈ Γ(kerF∗),
gM (AXBY, φV ) = −gM (AY ξ, φAXV )
(4.8)
= gM (∇XAY ξ, φV )− gM (X,AY ξ)η(V )
(4.2)
= −gM (∇XφY, φV ) + gM (∇XBY, φV )− gM (X,AY ξ)η(V )(4.12)
Since differential F∗ preserves the lenghts of horizontal vectors the relation (4.12) forms
(4.13) gM (AXBY, φV ) = gN (F∗∇XBY, F∗φV )− gM (∇XφY, φV )− gM (X,AY ξ)η(V )
Using (4.5), (3.2), (2.12) and (2.13) in (4.13) respectively, we obtain
gM (AXBY, φV ) = gN (−(∇F∗)(X,φY ), F∗φV )− gM (X,AY ξ)η(V )
which tells that (ii)⇔ (iii). 
Corollary 2. Let F : M(φ, ξ, η, gM ) → (N, gN ) be an anti-invariant Riemannian sub-
mersion such that φ(kerF∗) = (kerF∗)
⊥. Then the following assertions are equivalent to
each other;
i) (kerF∗)
⊥ defines a totally geodesic foliation on M.
ii) AXφY = 0.
iii) (∇F∗)(X,φY ) = 0 for X,Y ∈ Γ((kerF∗)
⊥) and V ∈ Γ(kerF∗).
We note that a differentiable map F between two Riemannian manifolds is called
totally geodesic if ∇F∗ = 0. Using Theorem 2 one can easily prove that the fibers are
not totally geodesic. Hence we have the following Theorem.
Theorem 5. Let F :M(φ, ξ, η, gM )→ (N, gN ) be an anti-invariant Riemannian submer-
sion where M(φ, ξ, η, gM ) is a Sasakian manifold and (N, gN ) is a Riemannian manifold.
Then F is not totally geodesic map.
Finally, we give a necessary and sufficient condition for an anti-invariant Riemannian
submersion such that φ(kerF∗) = (kerF∗)
⊥ to be harmonic.
Theorem 6. Let F : M(φ, ξ, η, gM ) → (N, gN ) be an anti-invariant Riemannian sub-
mersion such that φ(kerF∗) = (kerF∗)
⊥, where M(φ, ξ, η, gM ) is a Sasakian manifold
and (N, gN ) is a Riemannian manifold. Then F is harmonic if and only if TraceφTV =
(2m− n)η(V ) for V ∈ Γ(kerF∗).
Proof. From [8] we know that F is harmonic if and only if F has minimal fibres. Thus
F is harmonic if and only if
k∑
i=1
Teiei = 0, where k = 2m+1− n is dimension of kerF∗ .
On the other hand, from (2.5), (2.6) and (3.3) we get
(4.14) TV φW = φTVW − η(W )V + g(V,W )ξ
for any W, V ∈ Γ(kerF∗). Using (4.14), we get
k∑
i=1
gM (Teiφei, V ) = −
k∑
i=1
gM (Teiei, φV ) + (k − 1)η(V )
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for any V ∈ Γ(kerF∗). (2.10) implies that
k∑
i=1
gM (φei, TeiV ) =
k∑
i=1
gM (Teiei, φV )− (k − 1)η(V )
Then, using (2.3) we have
k∑
i=1
gM (φei, TV ei) =
k∑
i=1
gM (Teiei, φV )− (k − 1)η(V ).
Hence, proof comes from (3.2). 
4.2. Anti-invariant submersions admitting horizontal structure vector field.
In this section, we will study anti-invariant submersions from a Sasakian manifold onto
a Riemannian manifold such that the characteristic vector field ξ is horizontal. Using
(4.1), we have µ = φµ⊕ {ξ}. For any horizontal vector field X we put
(4.15) φX = BX + CX,
where where BX ∈ Γ(kerF∗) and CX ∈ Γ(µ).
Now we suppose that V is vertical and X is horizontal vector field. Using above
relation and (3.2) we obtain
gM (φV,CX) = 0.
From this last relation we have gN (F∗φV, F∗CX) = 0 which implies that
(4.16) TN = F∗(φ(kerF∗))⊕ F∗(µ).
Theorem 7. LetM(φ, ξ, η, gM ) be a Sasakian manifold of dimension 2m+1 and (N, gN )
is a Riemannian manifold of dimension n. Let F :M(φ, ξ, η, gM )→ (N, gN ) be an anti-
invariant Riemannian submersion such that (kerF∗)
⊥ = φ kerF∗⊕{ξ}.Then m+1 = n.
Proof. We assume that U1, ..., Uk be an orthonormal frame of Γ(kerF∗), where k = 2m−
n + 1. Since (kerF∗)
⊥ = φ kerF∗ ⊕ {ξ}, φU1, ..., φUk, ξ form an orthonormal frame of
Γ((kerF∗)
⊥). So, by help of (4.3) we obtain k = n−1 which implies that m+1 = n. 
Remark 3. We note that Example 3 satisfies Theorem 7.
From (3.1) and (4.16) we obtain following Lemma.
Lemma 5. Let F be an anti-invariant Riemannian submersion from a Sasakian manifold
M(φ, ξ, η, gM ) to a Riemannian manifold (N, gN ). Then we have
BCX = 0,
φ2X = C2X + φBX
for X ∈ Γ((kerF∗)
⊥).
Using (3.3) one can easily obtain
(4.17) ∇XY = −φ∇XφY + η(∇XY )ξ − η(Y )φX
for X,Y ∈ Γ((kerF∗)
⊥).
Lemma 6. Let F be an anti-invariant Riemannian submersion from a Sasakian manifold
M(φ, ξ, η, gM ) to a Riemannian manifold (N, gN ). Then we have
(4.18) BX = −AXξ,
(4.19) TUξ = 0,
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(4.20) gM (AXξ, φU) = 0,
(4.21) gM (∇YAXξ, φU) = −gM (AXξ, φAY U),
(4.22) gM (∇XCY, φU) = −gM (CY, φAXU),
for X,Y ∈ Γ((kerF∗)
⊥) and U ∈ Γ(kerF∗).
Proof. By virtue of (2.8), (3.6) and (4.15) we have (4.18). Using (2.6) and (3.6) we
obtain (4.19). Since AXξ is vertical and φU is horizontal for X ∈ Γ((kerF∗)
⊥) and
U ∈ Γ(kerF∗), we have (4.20). Now using (4.20) we get
gM (∇YAXξ, φU) = −gM (AXξ,∇Y φU)
for X,Y ∈ Γ((kerF∗)
⊥) and U ∈ Γ(kerF∗). Then using (2.7) and (3.3) we have
gM (∇YAXξ, φU) = −gM (AXξ, φAY U)− gM (AXξ, φ(V∇Y U)).
Since φ(V∇Y U) ∈ Γ((kerF∗)
⊥), we obtain (4.21).
From (4.1) we get
gM (CY, φU) = 0.
From this relation
0 = gM (∇XCY, φU) + gM (CY,∇XφU)
(3.3)
= gM (∇XCY, φU) + gM (CY, φ∇XU)
(2.7)
= gM (∇XCY, φU) + gM (CY, φ(AXU)).
Hence we obtain (4.22). 
We now study the integrability of the distribution (kerF∗)
⊥ and then we investigate
the geometry of leaves of kerF∗ and (kerF∗)
⊥.
Theorem 8. Let F be an anti-invariant Riemannian submersion from a Sasakian man-
ifold M(φ, ξ, η, gM ) to a Riemannian manifold (N, gN). Then the following assertions
are equivalent to each other;
i) (kerF∗)
⊥ is integrable.
ii)
gN((∇F∗)(Y,AXξ), F∗φV ) = gN ((∇F∗)(X,AY ξ), F∗φV )
+gM (CX, φAY V )− gM (CY, φAXV )
+gM (AXξ, V )η(Y )− gM (AY ξ, V )η(X).
iii)
gM (AXAY ξ −AYAXξ, φV ) = +gM (CX, φAY V )− gM (CY, φAXV )
+gM (AXξ, V )η(Y )− gM (AY ξ, V )η(X)
for X,Y ∈ Γ((kerF∗)
⊥) and V ∈ Γ(kerF∗).
Proof. From (4.15), (4.17) and (4.18) we have
(4.23) gM (∇XY, V ) = gM (∇XCY, φV )− gM (∇XAY ξ, φV ) + gM (AXξ, V )η(Y )
for X,Y ∈ Γ((kerF∗)
⊥) and V ∈ Γ(kerF∗).Using (4.21) in (4.23) we obtain
gM (∇XY, V ) = gM (∇XCY, φV )− gM (AY ξ, φAXV ) + gM (AXξ, V )η(Y )
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By help (4.21) and (4.22), the last relation becomes
gM (∇XY, V ) = −gM (CY, φAXV )− gM (∇XAY ξ, φV ) + gM (AXξ, V )η(Y )
Interchanging the role of X and Y, we get
gM (∇YX,V ) = −gM (CX, φAY V )− gM (∇YAXξ, φV ) + gM (AY ξ, V )η(X)
so that combining the above two relations, we have
gM ([X,Y ], V ) = gM (∇YAXξ, φV )− gM (∇XAY ξ, φV )
+gM (CX, φAY V )− gM (CY, φAXV )
+gM (AXξ, V )η(Y )− gM (AY ξ, V )η(X).
Since differential F∗ preserves the lenghts of horizontal vectors we obtain
gM ([X,Y ], V ) = gN (F∗∇YAXξ, F∗φV )− gN (F∗∇XAY ξ, F∗φV )
+gM (CX, φAY V )− gM (CY, φAXV )
+gM (AXξ, V )η(Y )− gM (AY ξ, V )η(X).
Using (2.12) we have
gM ([X,Y ], V ) = gN(−(∇F∗)(Y,AXξ), F∗φV )− gN (−(∇F∗)(X,AY ξ), F∗φV )
+gM (CX, φAY V )− gM (CY, φAXV )
+gM (AXξ, V )η(Y )− gM (AY ξ, V )η(X).
which proves (i)⇔ (ii).
On the other hand using (2.12) we get
(∇F∗)(Y,BX)− (∇F∗)(X,BY ) = −F∗(∇Y BX −∇XBY ).
Using(2.7) and (4.18) we obtain
gN(−F∗(AYAXξ −AXAY ξ), F∗φV ) = gM (CX, φAY V )− gM (CY, φAXV )
+gM (AXξ, V )η(Y )− gM (AY ξ, V )η(X).
which tells that (ii)⇔ (iii). 
Remark 4. We assume that (kerF∗)
⊥ = φ kerF∗⊕{ξ}. Using (4.15) one can prove that
CX = 0.
Theorem 9. LetM(φ, ξ, η, gM ) be a Sasakian manifold of dimension 2m+1 and (N, gN )
is a Riemannian manifold of dimension n. Let F :M(φ, ξ, η, gM )→ (N, gN ) be an anti-
invariant Riemannian submersion such that (kerF∗)
⊥ = φ kerF∗ ⊕ {ξ}. Then (kerF∗)
⊥
is not integrable.
Proof. From (3.2) it follows that
φ(∇XY ) = ∇XBY − g(X,Y )ξ + η(Y )X
for X,Y ∈ Γ((kerF∗)
⊥) .Interchanging the role of X and Y, we get
φ(∇YX) = ∇Y BX − g(X,Y )ξ + η(X)Y
so that combining the above two relations, we have
φ([X,Y ]) = ∇XBY −∇Y BX + η(Y )X − η(X)Y.
Using (2.7), (3.2), (4.18) and (3.4) one obtains
φ([X,Y ]) = AXBY −AY BX + V∇XBY − V∇YBX +R(X,Y )ξ
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If (kerF∗)
⊥ is integrable we have
(4.24) R(X,Y )ξ = AXAY ξ −AYAXξ.
On the otherhand, we know that if H = (kerF∗)
⊥ is integrable then A = 0. Hence the
last relation led to the contradiction with (3.4). 
From (2.8) and (3.6), we can give following Theorem.
Theorem 10. Let M(φ, ξ, η, gM ) be a Sasakian manifold of dimension 2m + 1 and
(N, gN ) is a Riemannian manifold of dimension n. Let F : M(φ, ξ, η, gM ) → (N, gN )
be an anti-invariant Riemannian submersion such that φ(kerF∗) ⊂ (kerF∗)
⊥. Then
(kerF∗)
⊥ does not define a totally geodesic foliation on M.
For the distribution kerF∗, we have;
Theorem 11. Let F be an anti-invariant Riemannian submersion from a Sasakian man-
ifold M(φ, ξ, η, gM ) to a Riemannian manifold (N, gN). Then the following assertions
are equivalent to each other;
i) (kerF∗) defines a totally geodesic foliation on M.
ii) gN (∇F∗)(V, φX), F∗φW ) = 0 for X ∈ Γ((kerF∗)
⊥) and V,W ∈ Γ(kerF∗).
iii) TVBX +ACXV ∈ Γ(µ).
Proof. Since gM (W,X) = 0 we have gM (∇VW,X) = −g(W,∇VX). From (3.2) and
(4.15) we get gM (∇VW,X) = −gM (φW,∇VBX) − gM (φW,∇V CX). Using (2.5) and
(2.6) we obtain gM (∇VW,X) = −gM (φW,∇V φX). Then Riemannian submersion F
and (2.12) imply that
gM (∇VW,X) = gN (F∗φW, (∇F∗)(V, φX))
which is (i)⇔ (ii). By direct calculation, we derive
gN (F∗φW, (∇F∗)(V, φX)) = −gM(φW,∇V φX).
Using (4.15)we have
gN(F∗φW, (∇F∗)(V, φX)) = −gM (φW,∇VBX +∇V CX).
Hence we get
gN (F∗φW, (∇F∗)(V, φX)) = −gM (φW,∇VBX + [V,CX ] +∇CXV ).
Since [V,CX ] ∈ Γ(kerF∗), using (2.5) and (2.7), we obtain
gN(F∗φW, (∇F∗)(V, φX)) = −gM (φW, TVBX +ACXV ).
This shows (ii)⇔ (iii). 
Corollary 3. Let F : M(φ, ξ, η, gM ) → (N, gN ) be an anti-invariant Riemannian sub-
mersion such that (kerF∗)
⊥ = φ kerF∗⊕{ξ}, where M(φ, ξ, η, gM ) is a Sasakian manifold
and (N, gN ) is a Riemannian manifold. Then following assertions are equivalent to each
other;
i)(kerF∗) defines a totally geodesic foliation on M.
ii)(∇F∗)(V, φX) = 0, for X ∈ Γ((kerF∗)
⊥) and V,W ∈ Γ(kerF∗).
iii) TV φW = 0.
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Theorem 12. Let F : M(φ, ξ, η, gM ) → (N, gN ) be an anti-invariant Riemannian sub-
mersion such that (kerF∗)
⊥ = φ kerF∗⊕{ξ}, where M(φ, ξ, η, gM ) is a Sasakian manifold
and (N, gN ) is a Riemannian manifold. Then F is a totally geodesic map if and only if
(4.25) TWφV = 0, ∀ W, V ∈ Γ(kerF∗)
and
(4.26) AXφW = 0, ∀X ∈ Γ((kerF∗)
⊥), ∀ W ∈ Γ(kerF∗).
Proof. First of all, we recall that the second fundamental form of a Riemannian submer-
sion satisfies (2.13). For W, V ∈ Γ(kerF∗), by using (2.6), (2.12) and (3.3) we get
(4.27) (∇F∗)(W,V ) = F∗(φTWφV ).
On the other hand by using (2.12) and (3.3) we have
(∇F∗)(X,W ) = F∗(φ∇XφW )
for X ∈ Γ((kerF∗)
⊥). Then from (2.8), we obtain
(4.28) (∇F∗)(X,W ) = F∗(φAXφW − g(W,φX)ξ).
Since φ is non-singular, proof comes from (4.27), (4.28) and (2.13). 
Finally, we give a necessary and sufficient condition for an anti-invariant Riemannian
submersion such that (kerF∗)
⊥ = φ kerF∗ ⊕ {ξ} to be harmonic.
Theorem 13. Let F : M(φ, ξ, η, gM ) → (N, gN ) be an anti-invariant Riemannian sub-
mersion such that (kerF∗)
⊥ = φ kerF∗⊕{ξ}, where M(φ, ξ, η, gM ) is a Sasakian manifold
and (N, gN ) is a Riemannian manifold. Then F is harmonic if and only if TraceφTV = 0
for V ∈ Γ(kerF∗).
Proof. From [8] we know that F is harmonic if and only if F has minimal fibres. Thus
F is harmonic if and only if
k∑
i=1
Teiei = 0, where k is dimension of kerF∗ . On the other
hand, from (2.5), (2.6) and (3.3) we get
(4.29) TV φW = φTVW
for any W, V ∈ Γ(kerF∗). Using (4.29), we get
k∑
i=1
gM (Teiφei, V ) = −
k∑
i=1
gM (Teiei, φV )
for any V ∈ Γ(kerF∗). (2.10) implies that
k∑
i=1
gM (φei, TeiV ) =
k∑
i=1
gM (Teiei, φV ).
Then, using (2.3) we have
k∑
i=1
gM (φei, TV ei) =
k∑
i=1
gM (Teiei, φV ).
Hence, proof comes from (3.2). 
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